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a b s t r a c t
Recent research on small amplitude helical pipes for use as bypass grafts and arterio-
venous shunts, suggests that mixing may help prevent occlusion by thrombosis. It is
proposed here that joining together two helical geometries, of different helical radii, will
enhance mixing, with only a small increase in pressure loss. To determine the velocity
field, a coordinate transformation of the Navier–Stokes equations is used, which is then
solved using a 2-D high-ordermesh combinedwith a Fourier decomposition in the periodic
direction. The results show that the velocity fields in each component geometry differ
strongly from the corresponding solution for a single helical geometry. The results suggest
that, although the mixing behaviour will be weaker than an idealised prediction indicates,
it will be improved from that generated in a single helical geometry.
Crown Copyright© 2009 Published by Elsevier B.V. All rights reserved.
1. Introduction
1.1. Motivation
Approximately 30,000 coronary artery bypass graft procedures are performed each year in the UK according to the British
Heart Foundation, however over 50% of the grafts fail within 10 years due to the development of neo-intimal hyperplasia [1].
Similarly, arterio-venous shunts, constructed from expanded Polytetrafluoroethylene (ePTFE), otherwise known as Teflon,
which are used for vascular access during dialysis, are prone to occlusion by thrombosis and intimal hyperplasia. In the
United States alone, there are 175,000 ePTFE grafts used for permanent vascular access, with the 1 and 2-year primary
patency rates currently at 50% and 25% respectively. Consequently, much research has been conducted in the past few
decades to design grafts that will remain patent for far longer, ideally matching the life-span of the patient.
A promising new idea is to construct the grafts from small amplitude helical pipes [2]. In preliminary in-vivo trials, and
subsequently a preliminary clinical study [3], the degree of thrombotic occlusionwas reduced in the helical grafts, compared
with standard grafts. In-planemixingwas hypothesised to be responsible, and a computational investigationwas performed
to understand and quantify themixing effect in these devices [4]. The results of thatwork led to the idea thatmixing in grafts
can be enhanced by appropriate combinations of helical geometries, with only small additional pressure losses.
1.2. Flow in helical pipes
A helix is a three-dimensional space curve that can be described by the parametric equations:
x = R cos t, (1)
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(a) Axial vorticity—R = 0.2D. (b) Particle trajectory slice. (c) Vin-plane .
(d) Axial vorticity—R = 0.5D. (e) Particle trajectory slice. (f) Vin-plane .
Fig. 1. Despite a single vortical structure in the secondary-flow, highlighted by the white zero vorticity contour line, a double vortex structure appears in
the particle trajectories, which can be explained by determining Vin-plane , Eq. (4). Figs. (a)–(c) show results for R = 0.2D, and (d)–(f) for R = 0.5D.
y = R sin t, (2)
z = ct, t ∈ (0, 2pi}, (3)
where R is the radius or amplitude of the helix and c is a constant parameter, such that the wavelength, or one pitch length,
of the helix equals 2pic. For a helical pipe, the internal radius is an additional parameter D/2. A very brief summary of the
results for single helical geometries, shown in [4], is given to provide context for the motivation of the work, and also to
aid understanding of the results for the combined helical geometry. A Reynolds number of 250, defined as Re = wD
ν
, was
used, to match representative physiological conditions in a bypass graft (where w is the mean axial velocity, D is the pipe
diameter and ν is the kinematic viscosity). For all the geometries, the pitch length was fixed at 6D, and the helical radius
varied from 0.1D to 0.5D.
For geometries where R < c , the curvature of the helix increases with R. This causes the axial velocity profile to
become increasingly asymmetric, and the peak velocity to move closer to the pipe wall on the inside of the bend. For all
the geometries examined the secondary-flow is a single vortical structure, shown in Fig. 1(a) and (d), which increases in
strength with R. For R = 0.1D particles in the flow move in a single vortex trajectory. However, as R is increased, a second
vortex emerges in the particle trajectories, shown in Fig. 1(b) and (e), despite only a single vortex existing in the velocity field.
This apparent discrepancy can be explained by a sequence of reference frame changes or coordinate transformations. These
remove the effects of the translation and rotation on the velocity field, so that the in-plane velocity field can be expressed
by the vector equation:
Vin-plane = VCartesian − Vtranslation − Vrotation. (4)
Streamtrace andmagnitude contour plots of Vin-plane are shown in Fig. 1(c) and (f), and exhibit excellent agreement with the
particle trajectory slices. Note that the angle between the dividing line of the two vortices and the vertical, also increases
with R.
1.3. Combined helical geometries
In their seminal paper [5], Jones, Thomas and Aref, show that chaotic advection [6] can be generated by concatenating
180◦ curved sections of pipe, with some twist angle χ at each junction, which ranged from 0◦ to 180◦. Their configuration is
shown in Fig. 2(a) and creates a streamline crossing scenario, shown in Fig. 2(b). It was assumed that a fully-developed Dean
flow solution existed in each section of pipe, and that the transition between each section was instantaneous. Although
they acknowledge that this is physically unrealistic, it is explained that a flow scenario similar to this can be generated
experimentally, and therefore that their approach is valid for capturing the underlying mixing topology.
Fig. 1 showed that the in-plane velocity field can be a double vortex structure with varying sizes/strengths of vortex
and varying angle of vortical dividing line. A similar flow environment of streamline crossing, to that of Jones et al. [5], can
therefore be achieved by concatenating various helical geometries. One such example is shown in Fig. 2(c) for the geometries
R = 0.25D and R = 0.5D. The corresponding in-plane streamlines are shown in Fig. 2(d).
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(a) Twisted pipe configuration used by Jones et al.
for χ = 45◦ .
(b) Dean flow streamlines crossing at 45◦ .
(c) A combined helical pipe geometry for R = 0.5 and R = 0.25. (d) Streamline crossing for helical pipe flows,
R = 0.5 and R = 0.25.
Fig. 2. Demonstration of the concept of streamline crossing, which Jones et al. [5] found to produce excellent mixing through chaotic advection.
A first approximation to the potential mixing behaviour of such a geometry can be made by simply tracking particles
through the velocity of the periodic solution of R = 0.25D for one pitch length, and then through the geometry R = 0.5D,
as for the Dean flows in [5]. In fact, for the helical pipe flows, this is thought to be a better approximation for the following
reason. Whilst the effective in-plane flow seen by the particles is a two vortex solution, the topology of the Eulerian velocity
field does not vary significantly. Transition between the two flowsonly requires that the strength of a single vortical structure
increases/decreases slightly, and that the peak axial velocity moves closer to, or further from, the wall. This approximation
does not require the complete reorientation of vortices as in [5].
Nevertheless, we would like to test the strength of this assumption by performing flow calculations for ‘‘true’’ combined
helical geometries, and comparing the velocity field within each half to that of the corresponding single helix. Furthermore,
the impact of any changes on the in-plane velocity field will be assessed, and the implications this may have on the mixing
examined, although a full examination of the resultant mixing phenomenon is beyond the scope of this paper. Additionally,
quantification of the persistence of the vortical structures, and the length scales over which they adjust to the changing
geometry, may also provide general insight into the behaviour of the swirling flows through multiple non-planar bends,
such as those that exist in the larger arteries of the human body.
To these ends, we present a method for solving the flow in combined helical pipes using a coordinate transformation of
spline-fitted geometries, within a spectral/hp element framework.
2. Method
2.1. Coordinate transformation of Navier–Stokes equations
For the range of values of R and c under consideration, the resultant helical pipe geometry can be well approximated
by a circular cross-section simply translated by a helical centreline. The validity of this approximation is illustrated in
Fig. 3(a). This approximation can be conceptually reversed by performing a coordinate mapping from a helical geometry to
a cylindrical geometry. Themapping is then applied to the Navier–Stokes equations, which are then solved in the cylindrical
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(a) Comparison of helical pipe (right) with
approximation (left), and overlay of both
showing excellent correspondence (middle).
(b) Transformation of solution domain coordinate system.
Fig. 3. Coordinate transformation concept applied to small amplitude helical pipes.
domain, but with an additional body-force term which represents that applied to the flow by the original geometry. A
coordinate transformation has been used previously to investigate bluff body flows in [7] and channel flow in [8]. The
mathematical details follow.
In a coordinate system (x′, y′, z ′), the non-dimensional Navier–Stokes equations are:
∂u′
∂t ′
+ (u′ · ∇ ′)u′ = −∇ ′p′ + 1
Re
∇ ′2u′, (5)
∇ ′ · u′ = 0. (6)
A coordinate transformation is defined, as illustrated in Fig. 3(b):
x = x′ − ξx(z ′), (7)
y = y′ − ξy(z ′), (8)
z = z ′, (9)
t = t ′. (10)
For a helix, the mapping terms ξx(z ′) and ξy(z ′) are simply those that define a helical centreline:
ξx(z ′) = R cos(z ′/c), (11)
ξy(z ′) = R sin(z ′/c). (12)
Using the chain rule, the partial derivative operators transform to the following:
∂
∂x′
= ∂
∂x
, (13)
∂
∂y′
= ∂
∂y
, (14)
∂
∂z ′
= ∂
∂z
− ∂ξx
∂z
∂
∂x
− ∂ξy
∂z
∂
∂y
, (15)
∂
∂t ′
= ∂
∂t
. (16)
Taking the time derivatives of Eqs. (7)–(9), gives transformations for velocity and pressure:
u = u′ − w′ ∂ξx
∂z
, (17)
v = v′ − w′ ∂ξy
∂z
, (18)
w = w′, (19)
p = p′. (20)
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Substituting all the modified terms into Eq. (5) produces the Navier–Stokes equations in a coordinate system (x, y, z):
∂u
∂t
+ (u · ∇)u = −∇p+ 1
Re
∇2u+ A(u, p, ξx, ξy), (21)
∇ · u = 0, (22)
where A(u, p, ξx, ξy) is the body force term. Note that the mapping is divergence free, that is, it satisfies:
∂ξx
∂x
+ ∂ξy
∂y
= 0. (23)
Consequently the continuity equation is unaltered, so that:
∂u′
∂x′
+ ∂v
′
∂y′
+ ∂w
′
∂z ′
= ∂u
∂x
+ ∂v
∂y
+ ∂w
∂z
. (24)
The body force term, A(u, p, ξx, ξy), has components Ax, Ay and Az . For the sake of brevity, only the Ax term will be
considered in detail. Ax and Ay both contain the convective derivative of the z-component of the transformed Navier–Stokes
equations, in their inviscid term. Therefore, to remove the time derivatives ofw, the right hand side of the z-component of
the transformed Navier–Stokes Equation (21), is substituted into Ax, to produce:
Ax =
[
−dξx
dz
dξy
dz
∂p
∂y
− w2 d
2ξx
dz2
+ dξx
dz
∂p
∂z
−
(
dξx
dz
)2
∂p
∂x
]
+ 1
Re
[
−2dξy
dz
∂w
∂y
d2ξx
dz2
− 2dξy
dz
∂2u
∂y∂z
− d
2ξx
dz2
∂u
∂x
+ 2dξx
dz
dξy
dz
∂2u
∂x∂y
− 2d
2ξx
dz2
∂w
∂x
dξx
dz
+
(
dξy
dz
)2
∂2u
∂y2
+ 2∂w
∂z
d2ξx
dz2
− d
2ξy
dz2
∂u
∂y
+ w d
3ξx
dz3
− 2dξx
dz
∂2u
∂x∂z
+
(
dξx
dz
)2
∂2u
∂x2
]
. (25)
2.2. Spline-fitted multiple helical geometries
At the junction between the two different helical geometries, there is a discontinuity in the curves’ gradients (and
subsequent derivatives). Although this can be easily implemented within the solver, the discontinuity will be difficult for
the Fourier modes to resolve, hindering the exponential convergence of the solution. Physically, such a discontinuity could
also provoke undesirable flow separation at the joint, and it is unlikely that anymanufactured geometry would contain such
a discontinuity, particularly if constructed from ePTFE as used in medical devices.
To remove this discontinuity, a spline is defined to span the transition region between the points z/c = 7pi/4 and
z/c = 9pi/4, and pass through the point at z/c = 2pi . Eq. (25) shows that the body force terms include derivatives of the
mappings ξx and ξy up to the 3rd order. Therefore we require that at the endpoints of the spline – the 1st, 2nd and 3rd
derivatives of the spline – match those of the helical functions. This enforces a requirement for a seventh-order spline fit.
A general spline function is used, which takes, as arguments, the radii of both geometries. These spline function coordinate
mappings are then used in exactly the same way as the helical functions.
Fig. 4(b) shows the comparison of the spline fits for both the sine and cosine functions, over the entire range for which
the functions are valid. It is clear that the cosine functions are approximated very well indeed by the spline, being almost
indistinguishable from the helical function. However, there is some discrepancy with the sine functions. The cosine is
approximatedmore accurately because there is no discontinuity in gradient at z = 6, whereas there is for the sine functions.
The gradient of the sine spline at z = 6 is the mean of the gradients of the component sine functions and, given the
constraints on smoothness, causes the undershoot that is clearly visible in Fig. 4(b).
2.3. Spectral/hp element method
The cylindrical domain, with periodic boundary conditions, allows a Fourier basis expansion to be used in the axial
direction z.
ϕr(ξ3) = eirβξ3 , β = 2piLξ3
(26)
where ϕr(ξ3) represents a basis function. For example, the velocities are stored in the following form:
v(x, y, z, t) =
M−1∑
m=0
vm(x, y, t)eiβmz . (27)
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(a) 2-D mesh used to discretise
cross-section, including use of
curved elements at the wall.
(b) Comparison of spline fit with helix.
Fig. 4. Properties of the spline fit and 2-D cross-sectional mesh.
Fig. 5. Locations of the slices of the velocity field, shown on geometry RA = 0.2D and RB = 0.5D.
Taking the Fourier transform of the Navier–Stokes equations, essentially reduces the problem to m two dimensional
Navier–Stokes equations:
∂vm
∂t
= −∇˜mpm + ν∇˜2mvm + [v̂ · ∇v] inΩm, m = 0, . . . ,M − 1 (28)
where the ‘hat’ signifies the Fourier transform, and the equations are solved on theM two-dimensional slicesΩm. The linear
differential operators are also modified, and are:
∇˜m =
(
∂
∂x
,
∂
∂y
, imβ
)
,
(
∇˜2m =
∂2
∂x2
+ ∂
2
∂y2
− β2m2
)
. (29)
Within the 2-D planar mesh, shown in Fig. 4(a), high-order C0-continuous polynomial basis functions are used, with
both triangular elements and quadrilateral elements with curved boundaries. This approach has several advantages: no
remeshing is required for each geometry, computational time is smaller than for a full 3-D mesh, and the overhead on
parallelisation is small. Full details of the spectral/hp element method can be found in [9].
For the results presented in this paper, the polynomial order was increased until the velocity and pressure at sample
points in the flow changed less than 0.5%, and integrated measures of volume flow rate and total force on the wall varied by
only a few thousandths of a percent. The solution was time-stepped until it converged in time to machine precision. A 9th
order polynomial was used in the cross-section, and 32 Fourier modes in the periodic direction.
3. Results
3.1. Velocity field
A Reynolds number of 250 is used, in accordance with the work on single helical geometries [4], but other values are also
used for completeness. The pitch is fixed at six pipe diameters (6D) for both geometries, again as in the previous study. The
helical radius of the first geometry is designated RA, and that of the second, RB. Results are presented for the case RA = 0.2D
and RB = 0.5D, for Re of 125 and 250. Slices of the velocity field are taken at intervals of z/c = pi/2, as shown in Fig. 5.
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Figs. 6 and 7 show the axial velocity and vorticity results for the geometry, RA = 0.2 and RB = 0.5. For comparison
purposes, the corresponding axial velocity and vorticity contour plots for the single helix geometries are shown at the top
of each figure. For both Reynolds numbers investigated, it is clear that the axial velocity profile throughout helix A is very
different to that for R = 0.2, and is typical of that in a larger helical radius. In helix B the velocity profile is again different
from R = 0.5. Examining each slice in sequence shows that Slice 1, (Figs. 6(e) and 7(e)), which is the outlet of geometry B and
the inlet to geometry A, has a velocity profile similar to the single geometry solution, particularly for Re = 125. Slices 2–4
(Figs. 6(f)–(h) and 7(f)–(h)) show that the peak value of the axial velocity moves away from the wall, until slice 5 (Figs. 6(i)
and 7(i)), which is the outlet of geometry A. The velocity profile here whilst somewhat different to that in geometry B,
has still not returned to the single pipe profile in Fig. 7(a). Slices 6–8 (Figs. 6(j)–(l) and 7(j)–(l)) show the reverse process
occurring in helix B, as the flow gradually establishes itself in response to the larger helical radius.
The results presented in [4] show that the emergence of a second vortex in Vin-plane was directly linked to an increase
in the radial offset of peak axial velocity, and increased circulation of the secondary flow, Γ . In order to explain the likely
impact on particlemixing, the evolution of these two quantitieswith axial position is shown in Fig. 8(a)–(d). This information
also allows more precise statements to be made regarding the evolution of the velocity field. Included in the figures are the
appropriate values from the single geometry solutions.
Fig. 8(b) and (d) show that much of the adjustment of the vortex strength occurs over a quarter of a pitch length, with Γ
reaching the single geometry solution after approximately 1.75D − 2.5D. The adjustment of the axial velocity lags that of
the vortex, by 1D for Re = 125, and 1.5D for Re = 250. This lag contributes to the overshoot of Γ , giving the impression of a
larger helical radius than is actually used. It is possible that the discrepancies in gradient and higher derivatives of the sine
function also contribute to this effect. However, the effects of this are mitigated by the symmetry that must exist in these
functions. For example, if part of the spline has a gradient that is steeper than the helical function, the constraint of fitting
the end points implies that, elsewhere, the gradient must be shallower. Therefore, any additional forcing that occurs in one
part of the spline, will be offset by weaker forcing elsewhere. Furthermore, this effect only applies to the sine function, since
the spline matches the cosine almost perfectly.
Blyth et al. [10] suggest that inviscid flow readjustment occurs over a distance of one pipe diameter, but that the presence
of core vorticity slows flowdevelopment. In the preliminary results of Caro et al. [2] it is found that helical flowdevelops from
a parabolic inflow condition over approximately two pitch lengths, although they do not provide any detailed quantification
of this. For the case of a helical pipe,with an inflow condition of aweaker helical flow, itwould be expected that the transition
distance will lie somewhere between these two limits. Indeed, the transition occurs over a full pitch length of each helix,
without quite reaching the solutions found in the single geometry results. However, the trends forΓ at z = 6 and 12, suggest
that the flow is beginning to asymptote toward the corresponding single geometry solution, and would attain this state in
a further three diameters or half a pitch length.
The values of radial offset of axial velocity and Γ for the single geometries are shown in Fig. 8(c) and (d), correspond
to the particle trajectories and velocity, Vin-plane, shown in Fig. 1. This implies that for the combined geometry, the second,
upper vortex in Vin-plane will never become as small or weak as it would for R = 0.2D, at z = 6D. Furthermore, due to the
greater offset and largerΓ that occurs in the range z = 9D−12D, this second vortexwill become larger and stronger than for
R = 0.5D. The idealised prediction of the mixing will not capture this aspect, and neither does it account for the transition
between the two velocity fields occurring over the entire geometry, rather than discontinuously. However, the change in
Vin-plane with axial position in the combined geometry will still produce an improvement in mixing, compared with using a
single helical geometry for the equivalent two pitch lengths.
3.2. Pressure loss
Although the combined geometry may provide enhanced mixing, in the context of medical applications, it is desirable
that any additional pressure loss is not excessive. Table 1 shows the pressure drop that would occur in the component
geometries, and the idealised prediction calculated from the mean of these two values. This can then be compared with the
pressure drop that was found from the numerical simulation in the combined geometry. These pressure losses have been
normalised by that in Poiseuille flow at the equivalent Reynolds number.
For both Reynolds numbers, the pressure loss increases by approximately 5% from the idealised value. This is only a
small increase in pressure loss, and is due to the fact that although the flow never reaches the solution for the smaller
value of R, it also does not attain that for larger R. In [4] the optimal helical geometry, in terms of mixing versus pressure
loss, was found to be approximately R = 0.25D − 0.3D, incurring pressure losses of 1.72082 and 1.93134, respectively.
The combined geometry therefore exhibits a 20%–30% increase in pressure loss. However, this is still lower than the single
helical geometries for R ≥ 0.4D, therefore suggesting that the combined geometries will constitute an improvement for
prosthetic medical device design.
4. Conclusions
An approach has been presented for solving laminar flow in combined helical pipe geometries, using a coordinate
transformation of the Navier–Stokes equations, within a spectral/hp element framework. The preliminary results show that,
2076 A.N. Cookson et al. / Journal of Computational and Applied Mathematics 234 (2010) 2069–2079
(a) R = 0.2D—w. (b) R = 0.2D—ωz . (c) R = 0.5D—w. (d) R = 0.5D—ωz .
(e) Slice 1—w. (f) Slice 2—w. (g) Slice 3—w. (h) Slice 4—w.
(i) Slice 5—w. (j) Slice 6—w. (k) Slice 7—w. (l) Slice 8—w.
(m) Slice 1—ωz . (n) Slice 2—ωz . (o) Slice 3—ωz . (p) Slice 4—ωz .
(q) Slice 5—ωz . (r) Slice 6—ωz . (s) Slice 7—ωz . (t) Slice 8—ωz .
Fig. 6. Axial velocity and vorticity contours for case RA = 0.2D and RB = 0.5D, Re = 125. The zero vorticity contour line is coloured white to highlight the
vortical structure.
whilst a single vortical structure exists throughout the geometries, its strength varies significantly with axial distance. The
change in axial velocity profile is more marked. The velocity fields never attain their respective single helix solutions, with
the flow changing significantly throughout the geometry, vindicating the decision to perform these flow calculations. The
mixing is predicted to be less than for the idealised case, but still improved over single helical geometries. The pressure loss
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(a) R = 0.2D—w. (b) R = 0.2D—ωz . (c) R = 0.5D—w. (d) R = 0.5D—ωz .
(e) Slice 1—w. (f) Slice 2—w. (g) Slice 3—w. (h) Slice 4—w.
(i) Slice 5—w. (j) Slice 6—w. (k) Slice 7—w. (l) Slice 8—w.
(m) Slice 1—ωz . (n) Slice 2—ωz . (o) Slice 3—ωz . (p) Slice 4—ωz .
(q) Slice 5—ωz . (r) Slice 6—ωz . (s) Slice 7—ωz . (t) Slice 8—ωz .
Fig. 7. Axial velocity and vorticity contours for case RA = 0.2D and RB = 0.5D, Re = 250. The zero vorticity contour line is coloured white to highlight the
vortical structure.
incurred is also lower than single geometries that have R ≥ 0.4D, and, therefore, these combined geometries are likely to be
beneficial for medical applications. Furthermore, the numerical methodology presented here can, in principle, be applied to
solve the flow in any spline fitted pipe geometry, where the splines are functions only of z, and periodic boundary conditions
apply.
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(a) Axial velocity—Re = 125. (b) Circulation, Γ—Re = 125.
(c) Axial velocity—Re = 250. (d) Circulation, Γ—Re = 250.
Fig. 8. Quantification of flow evolution in combined geometries.
Table 1
Pressure loss for combined helical geometries, showing the pressure loss for each component geometry, the idealised prediction (simply the mean of the
components) and the actual pressure loss incurred. The values of the pressure loss have been normalised by that for Poiseuille flow at the same Reynolds
number. The final row shows the correction factor to be applied to the idealised prediction of pressure loss.
RA RB Pressure loss—Re = 125 Pressure loss—Re = 250
0.2 – 1.207283 1.44
0.5 – 2.198754 2.72701
0.2 0.5 1.703019 (idealised) 2.08355 (idealised)
0.2 0.5 1.796559 (actual) 2.205707 (actual)
0.2 0.5 1.054926 (correction factor) 1.058629 (correction factor)
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